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Abstract 
We derive a simple tensor algebraic expression of the modified Eshelby tensor for a spherical 
inclusion embedded in an arbitrarily anisotropic matrix in terms of three tensor quantities (the 
4th order identity tensor, the elastic stiffness tensor, and the Eshelby tensor) and two scalar 
quantities (the inclusion radius and interfacial spring constant), when the interfacial damage is 
modelled as a linear-spring layer of vanishing thickness. We validate the expression for a 
triclinic crystal involving 21 independent elastic constants against finite element analysis 
(FEA). 
  
1. Introduction 
The mechanical properties of multicomponent alloys and composite structures can be 
deduced by considering the strain fields in the inclusions and inhomogeneities. The inclusion 
refers to an embedded material with the identical elastic stiffness tensor 𝐿௣௤௥௦ as the matrix, 
while the inhomogeneity refers to an embedded material with a different stiffness. Eshelby 
showed that the strain field inside the ellipsoidal inclusion embedded in an infinite matrix is 
uniform when the inclusion is subject to a uniform eigenstrain1. Eigenstrain refers to the stress-
free deformation strain2 (of the free standing inclusion) associated with thermal expansion3, 
initial strain4, or phase transformation5-7. The Eshelby tensor is defined as the 4th order tensor 
𝑆௜௝௥௦ which relates the constrained strain within the inclusion 𝜀௜௝௖  to the eigenstrain 𝜀௥௦∗ , as 
𝜀௜௝௖ ൌ 𝑆௜௝௥௦𝜀௥௦∗ 2, 8.  
One can also obtain the strain field within an ellipsoidal inhomogeneity subject to an 
external load by transforming the problem into the corresponding equivalent inclusion 
problem9, 10. Hence, the Eshelby tensor can be used to obtain the strain field inside various 
embedded materials (or defects) such as voids, dislocations, cracks, reinforcements, and 
precipitations within an infinite matrix11. The mean field micromechanics models such as the 
Mori-Tanaka method and self-consistent method utilize the Eshelby tensor to predict the 
effective properties of a composite by relating the average macroscopic external strain with the 
average internal strain field inside inhomogeneities12-18. Due to the importance of the Eshelby 
tensor, extensive studies have been devoted to derive its simplified form for various elastic 
symmetries of the matrix and geometries of the inclusion19-28.  
Further developments on the single or multiple inclusion (or inhomogeneity) problem 
have been made by considering the interfacial damage present in realistic specimen. For 
example, the interface between the matrix and the reinforcement of composites synthesized 
through an actual manufacturing process is imperfect due to interfacial roughness, chemical 
corrosion, or lattice mismatch at the microscopic level29, 30. As a first order approximation of 
the interfacial damage, J. Qu introduced a linear-spring layer of vanishing thickness15, 31, 32 at 
the interface to represent the displacement jump between the inclusion and the matrix. In earlier 
works, the simplified expressions of the modified Eshelby tensor was obtained which relates 
the constrained strain with the eigenstrain in the presence of the nonzero interface spring 
compliance13, 14, 31, 33, and was applied to predict the effective stiffness of composites with 
interfacial damage15, 16. They considered the volume averaged constrained strain because the 
strain field inside the inclusion is known to be non-uniform except for in a special case11, 31. 
Later, Othmani et al. 34 pointed out a mathematical error in the earlier studies13, 31 where the 
order of the surface integral and volume integral was exchanged. Such a permutation violates 
the Fubini-Tonelli theorem35 because the second derivative of Green’s function has a 
singularity within the integral domain34, 36. The singularity of the modified Eshelby tensor 
reported in earlier works13 was caused by the violation of the Fubini-Tonelli theorem35.  
Reflecting the elastic anisotropy in the inclusion problem is also crucial for a realistic 
description of many technologically important materials. For instance, most polymeric 
products made by the extrusion process have elastic anisotropy (e.g., transversely isotropic or 
orthotropic) due to the partial alignment of polymer chains along the extrusion direction37. 
Multicomponent alloys involving low symmetry crystal structures are inherently anisotropic 
and have more than two independent elastic constants38, 39. However, most existing studies that 
consider the anisotropic matrix do not account for the interfacial damage19, 40, 41. 
Here, we derive a simple tensor algebraic expression of the modified Eshelby tensor 
for a spherical inclusion embedded in an arbitrarily anisotropic matrix, when the interfacial 
damage is modelled as a linear-spring layer of vanishing thickness. The modified Eshelby 
tensor expression is composed of three tensor quantities (the 4th order identity tensor, the elastic 
stiffness tensor, and the Eshelby tensor) and two scalar quantities (the inclusion radius and 
interfacial spring constant). We theoretically predict the modified Eshelby tensor of a triclinic 
crystal material, NaAlSi3O8, with 21 independent elastic constants and validate our results 
against the numerical results obtained from FEA. We show that, however, such expression 
cannot be obtained if the inclusion is non-spherical or if the tangential and normal compliance 
are not identical because the strain field inside the inclusion becomes non-uniform.  
 
2. Theory 
2.1 Eshelby tensor for the perfect interface 
We introduce the governing equation for Green's function 𝐺௜௝ሺ𝒙 െ 𝒚ሻ in elastostatics, 
which implies a displacement in the ith direction at point 𝒙 by the unit body force in the jth 
direction at point 𝒚: 
𝐿௜௝௞௟𝐺௞௣,௟௝ሺ𝒙 െ 𝒚ሻ ൅ 𝛿௜௣𝛿ሺ𝒙 െ 𝒚ሻ ൌ 0 (1)
, where 𝐿௜௝௞௟ is the 4th order elastic stiffness tensor, and the repeated indices represent the 
summation over all values from 1 to 3. Green's function for the isotropic material is available 
in the closed form as follows: 
𝐺௜௝ሺ𝒙 െ 𝒚ሻ ൌ  116𝜋𝜇ሺ1 െ 𝜈ሻ|𝒙 െ 𝒚| ቈሺ3 െ 4𝜈ሻ𝛿௜௝ ൅
ሺ𝑥௜ െ 𝑦௜ሻ൫𝑥௝ െ 𝑦௝൯
|𝒙 െ 𝒚|ଶ ቉ (2)
where 𝜇 and 𝜈 are the shear modulus and the Poisson's ratio of the material, respectively, 
and |𝒙 െ 𝒚| is the norm of vector 𝒙 െ 𝒚. For anisotropic materials, the closed form solutions 
were derived for transversely isotropic and cubic materials2, 42.  
The schematic for the single inclusion problem is depicted in Fig. 1, which is solved 
with a four step procedure. We assume that the inclusion can deform by the eigenstrain 𝜺∗ 
when there is no external displacement or load (step 1). In order to maintain the original shape, 
the load 𝑇 is applied to the inclusion (step 2). Then, the inclusion is plugged into a hole having 
the original shape and size within an infinite matrix (step 3). After removing the applied load 
(T), the inclusion exerts a traction of 𝐹 ൌ െ𝑇 on the matrix. Due to the constraining effect of 
the matrix, the inclusion deforms by the constrained strain 𝜺௖ which is different from the 
eigenstrain 𝜺∗, and the constrained strain field can be expressed by employing the Green's 
function as follows:  
𝑢௜௖ሺ𝒙ሻ ൌ න 𝐺௜௣ሺ𝒙 െ 𝒚ሻ𝐹௣ሺ𝒚ሻ𝑑𝒚பஐ ൌ න 𝐺௜௣ሺ𝒙 െ 𝒚ሻ𝜎௣௤
∗ 𝑛௤ሺ𝒚ሻ𝑑𝒚
பஐ
 (3)
, where 𝜎௣௤∗ ൫ൌ 𝐿௣௤௥௦𝜀௥௦∗ ൯ is called eigenstress, and ∂Ω represents the surface of the inclusion. 
By applying divergence theorem, Eq. (3) can be written as 
𝜀௜௝௖ ሺ𝒙ሻ ൌ 12 ቆ
𝜕𝑢௜௖
𝜕𝑥௝ ൅
𝜕𝑢௝௖
𝜕𝑥௜ ቇ ൌ
1
2 න 𝐿௣௤௥௦ ቊ
𝜕ଶ𝐺௜௣ሺ𝒙 െ 𝒚ሻ
𝜕𝑥௝𝜕𝑦௤ ൅
𝜕ଶ𝐺௝௣ሺ𝒙 െ 𝒚ሻ
𝜕𝑥௜𝜕𝑦௤ ቋ 𝑑𝒚ஐ 𝜀௥௦
∗ . (4)
When the shape of the inclusion is an ellipsoid, the integral does not depends on 𝒙 within the 
inclusion as shown by Eshelby1. Hence, the equation becomes a double contraction of the 
constant Eshelby tensor and eigenstrain for 𝒙 ∈ Ω. Then, we obtain 
𝜀௜௝௖ ൌ 𝑆௜௝௥௦𝜀௥௦∗ , where 𝑆௜௝௥௦ ൌ 12 න 𝐿௣௤௥௦ ቊ
𝜕ଶ𝐺௜௣ሺ𝒙 െ 𝒚ሻ
𝜕𝑥௝𝜕𝑦௤ ൅
𝜕ଶ𝐺௝௣ሺ𝒙 െ 𝒚ሻ
𝜕𝑥௜𝜕𝑦௤ ቋ 𝑑𝒚ஐ . (5)
Because the eigenstrain and constrained strain are symmetric, the Eshelby tensor has minor 
symmetry ( 𝑆௜௝௞௟ ൌ 𝑆௝௜௞௟ ൌ 𝑆௜௝௟௞ ). The closed form of the Eshelby tensor for anisotropic 
materials is available for cubic and transversely isotropic materials with a specific inclusion 
shape2, 43, 44. In order to calculate the Eshelby tensor for an anisotropic material having a 
symmetry lower than the transversely isotropic one, we numerically calculate the Eshelby 
tensor using the formula proposed by T. Mura2: 
𝑆௜௝௥௦ ൌ 18𝜋 𝐿௣௤௥௦ න න ൛𝑔௜௣௝௤൫𝝃ത൯ ൅ 𝑔௝௣௜௤൫𝝃ത൯ൟ𝑑𝜃
ଶగ
଴
𝑑𝜁ଷഥ
ଵ
ିଵ
 (6)
, where 𝑔௜௝௞௟൫𝝃ത൯ ൌ 𝜉௞̅𝜉௟̅𝑍௜௝൫𝝃ത൯. Here, 𝒁ሺ𝝃ሻ ൌ ሾሺ𝑳 ∙ 𝝃ሻ ∙ 𝝃ሿିଵ, and 𝝃 are Green’s function and 
a vector in the Fourier space, respectively. Because 𝑍௜௝ሺ𝝃ሻ is a homogeneous function of 
degree െ2, 𝜉௞𝜉௟𝑍௜௝ሺ𝝃ሻ is identical to 𝜉௞̅𝜉௟̅𝑍௜௝൫𝝃ത൯, where 𝝃ത is a normalized vector. Eq. (6) 
can be evaluated by using the integral variable 𝜁ଷഥ  and 𝜃; thus, 𝜉ଵ̅ ൌ ଵ௔భ ට1 െ 𝜁ଷഥ
ଶcos𝜃, 𝜉ଶ̅ ൌ
ଵ
௔మ
ට1 െ 𝜁ଷഥ ଶsin𝜃, and 𝜉ଵ̅ ൌ ଵ௔య 𝜁ଷഥ  with the semi-axes of the ellipsoidal inclusion ሺ𝑎௜ሻ. 
 
2.2 Interface spring model 
Interfacial damage has been accounted for with a few representative methods including 
the interfacial spring model11, 15, 31, 45, interphase model46-48, and interface stress model49-51. The 
interphase model describes the interface as another phase with a finite layer thickness, and the 
interface stress model describes the interfacial damage using the interface stress. The interphase 
model adapts a third phase region along the interface with the appropriate interphase thickness 
and material properties, which introduce some ambiguities in describing the interfacial damage. 
The interface stress model assumes a coherent interface that does not account for the 
displacement jump. In comparison, the linear spring model does not suffer from these problems 
and has been applied to a variety of composite problems11, 12, 14-16, 18, 31, 33, 34, 45 despite of its 
drawback, the unphysical interpenetration between the matrix and the reinforcement. 
In this work, we adopt the interface spring model to consider the interfacial damage, 
depicted in Fig. 2. A displacement jump occurs at the interface due to the spring layer having 
a vanishing thickness between the infinite matrix and the single inclusion. The spring 
compliance is represented by 𝛼 and 𝛽 for the tangential and normal directions, respectively, 
and expressed by Eq. (7) in the form of a second order tensor as follows: 
𝜂௜௝ ൌ 𝛼𝛿௜௝ ൅ ሺ𝛽 െ 𝛼ሻ𝑛௜𝑛௝ (7)
, where 𝒏  is the unit outward normal vector at the inclusion surface. The constitutive 
equations and traction equilibrium equation at the interface are expressed as follows: 
∆𝑡௜ ൌ ∆𝜎௜௝𝑛௝ ൌ ൣ𝜎௜௝ሺ∂Ωାሻ െ 𝜎௜௝ሺ∂Ωିሻ൧𝑛௝ ൌ 0 
∆𝑢௜ ൌ ሾ𝑢௜ሺ∂Ωାሻ െ 𝑢௜ሺ∂Ωିሻሿ ൌ 𝜂௜௝𝜎௝௞𝑛௞ 
(8)
, where ሺ∂Ωାሻ and ሺ∂Ωିሻ denote the interface on the matrix and inclusion side, respectively. 
The finite spring compliances allow slip(tangential) and debonding(normal) between matrix 
and inclusion, but at the same time beget unphysical overlapping under compressive traction. 
An in-depth discussion on this issue is beyond the scope of this paper, and we refer to a previous 
work concerning the problem52. We also note that the spring compliances are assumed to be 
constant over the entire range of separation distance. Hence, the present model is inadequate 
to describe the fracture behavior of the composites concerning interfacial failure, while it is 
applicable to characterize the elastic response. Formulating the Eshelby inclusion problem by 
adopting the interfacial condition in Eq. (8), the constrained strain is written as 
𝜀௜௝௖ ൌ 𝑆௜௝௥௦𝜀௥௦∗ ൅ 12 𝐿௞௟௠௡𝐿௣௤௥௦ න 𝜂௞௣ ቊ
𝜕ଶ𝐺௜௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑥௝𝜕𝑦௡பஐ
൅ 𝜕
ଶ𝐺௝௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑥௜𝜕𝑦௡ ቋ 𝑛௤ሺ𝒚ሻ𝑛௟ሺ𝒚ሻሺ𝜀௥௦
௖ ሺ𝒚ሻ െ 𝜀௥௦∗ ሻ𝑑𝒚. 
(9)
As shown in Eq. (9), it reproduces the perfect interface case with zero spring compliance, i.e. 
𝜂௜௝ ൌ 0. 
Because Eq. (9) is an implicit integral equation involving the constrained strain 𝜀௜௝௖ , it 
is difficult to obtain the relation between 𝜀௜௝௖  and 𝜀௥௦∗ , i.e., the modified Eshelby tensor. Zhong 
et al. showed that, when 𝛼 ൌ 𝛽 ≡ 𝛾, the strain field inside the spherical inclusion is uniform 
as in the case of the perfect interface11. Hence, for this special case, the integral equation can 
be decomposed as follows:  
𝜀௜௝௖ ൌ 𝑆௜௝௥௦𝜀௥௦∗ െ 𝛤௜௝௥௦ሺ𝜀௥௦௖ െ 𝜀௥௦∗ ሻ (10)
, where the 4th order tensor 𝛤௜௝௞௟ in Eq. (10) is defined by  
𝛤௜௝௥௦ ≡ െ 12 𝛾𝐿௣௟௠௡𝐿௣௤௥௦ න ቊ
𝜕ଶ𝐺௜௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑥௝𝜕𝑦௡ ൅
𝜕ଶ𝐺௝௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑥௜𝜕𝑦௡ ቋ 𝑛௤ሺ𝒚ሻ𝑛௟ሺ𝒚ሻ𝑑𝒚பஐ . (11)
The constrained strain field then can be expressed in a tensor algebraic equation as follows:  
𝜺௖ ൌ ሺ𝑰 ൅ 𝜞ሻିଵ: ሺ𝑺 ൅ 𝜞ሻ: 𝜺∗ ൌ 𝑺ெ: 𝜺∗ (12)
, where the colon “:” denotes a double contraction; 𝑰 is the 4th order symmetric identity tensor 
such that 𝐼௜௝௞௟ ൌ ଵଶ ൫𝛿௜௞𝛿௝௟ ൅ 𝛿௜௟𝛿௝௞൯ , and 𝑺ெ is the modified Eshelby tensor. For isotropic 
materials, by plugging the Green’s function expression in Eq. (2) into Eq. (11), 𝛤௜௝௞௟ can be 
expressed as follows:  
𝛤௜௝௞௟ ൌ ఓఊଵହோሺଵିఔሻൣ2ሺ1 ൅ 5𝜈ሻ𝛿௜௝𝛿௞௟ ൅ ሺ7 െ 5𝜈ሻ൫𝛿௜௞𝛿௝௟ ൅ 𝛿௜௟𝛿௝௞൯൧, (13)
, which already was shown by Y. Othmani et al.34, where R is the radius of the inclusion. For 
the ellipsoidal inclusion case, Eq. (10) is not valid because the constrained strain field within 
the inclusion is non-uniform. We carried out numerical calculations to confirm that the 
constrained strain field within the inclusion is non-uniform (See appendix 1). For the 
anisotropic spherical inclusion, it is difficult to calculate 𝛤௜௝௞௟ in an explicit form because the 
closed form of Green’s function is not available in general. 
Here, without using the Green’s function expression, we prove that, for materials 
having spherical inclusion with an arbitrary elastic anisotropy, the 𝜞 tensor can be written in 
terms of the Eshelby tensor for the perfect interface and the elastic stiffness tensor. By using 
the relation డమீ೔೘ሺ𝒙ି𝒚ሻడ௫ೕడ௬೙ ൌ െ
డమீ೔೘ሺ𝒙ି𝒚ሻ
డ௬ೕడ௬೙  and applying the divergence theorem to Eq. (11), we 
obtain  
𝛤௜௝௥௦ ൌ 12 𝛾𝐿௣௟௠௡𝐿௣௤௥௦ න ቈቊ
𝜕ଷ𝐺௜௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑦௟𝜕𝑦௝𝜕𝑦௡ ൅
𝜕ଷ𝐺௝௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑦௟𝜕𝑦௜𝜕𝑦௡ ቋ 𝑛௤ሺ𝒚ሻஐ
൅ ቊ𝜕
ଶ𝐺௜௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑦௝𝜕𝑦௡ ൅
𝜕ଶ𝐺௝௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑦௜𝜕𝑦௡ ቋ
𝜕𝑛௤
𝜕𝑦௟ ቉ 𝑑𝒚. 
(14)
Because 𝑛௤ሺ𝒚ሻ ൌ 𝑦௤/𝑅 for the spherical inclusion, Eq. (14) leads to 
𝛤௜௝௥௦ ൌ 𝛾𝑅 𝐿௣௤௥௦ ቈ
1
2 𝐿௣௟௠௡ න ቊ
𝜕ଷ𝐺௜௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑦௟𝜕𝑦௝𝜕𝑦௡ ൅
𝜕ଷ𝐺௝௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑦௟𝜕𝑦௜𝜕𝑦௡ ቋ 𝑦௤𝑑𝒚ஐ
൅ 𝐿௠௡௣௤ න 12 ቊ
𝜕ଶ𝐺௜௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑦௝𝜕𝑦௡ ൅
𝜕ଶ𝐺௝௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑦௜𝜕𝑦௡ ቋ 𝑑𝒚ஐ ቉. 
(15)
In Eq. (15), the 2nd integral on the right hand side is the definition of the Eshelby tensor; thus, 
it can be simplified as follows: 
𝛤௜௝௥௦ ൌ 𝛾𝑅 ቈ
1
2 𝐿௣௟௠௡ න ቊ
𝜕ଷ𝐺௜௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑦௟𝜕𝑦௝𝜕𝑦௡ ൅
𝜕ଷ𝐺௝௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑦௟𝜕𝑦௜𝜕𝑦௡ ቋ 𝑦௤𝑑𝒚ஐ െ 𝑆௜௝௣௤቉ 𝐿௣௤௥௦. (16)
To further simplify the integration in Eq. (16), we consider the following equation which is 
obtained by multiplying 𝑦௤ after differentiating Eq. (1) with respect to 𝑦௝, 
𝐿௣௟௠௡ 𝜕
ଷ𝐺௠௜ሺ𝒙 െ 𝒚ሻ
𝜕𝑦௝𝜕𝑦௟𝜕𝑦௡ 𝑦௤ ൌ െ
𝜕
𝜕𝑦௝ ቀ𝛿௜௣𝛿ሺ𝒙 െ 𝒚ሻቁ 𝑦௤. (17)
When the divergence theorem is used after integrating Eq. (17) for the inclusion volume, it 
leads to Eq. (18), and eventually, the integral in Eq. (16) is reduced as the 4th order identity 
tensor because 
න 𝐿௣௟௠௡ 𝜕
ଷ𝐺௠௜ሺ𝒙 െ 𝒚ሻ
𝜕𝑦௝𝜕𝑦௟𝜕𝑦௡ 𝑦௤𝑑𝒚ஐ ൌ න ቀ𝛿௜௣𝛿ሺ𝒙 െ 𝒚ሻቁ
𝜕𝑦௤
𝜕𝑦௝ 𝑑𝒚ஐ ൌ 𝛿௜௣𝛿௝௤ (18) 
and thus 
1
2 𝐿௣௟௠௡ න ቊ
𝜕ଷ𝐺௜௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑦௟𝜕𝑦௝𝜕𝑦௡ ൅
𝜕ଷ𝐺௝௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑦௟𝜕𝑦௜𝜕𝑦௡ ቋ 𝑦௤𝑑𝒚ஐ ൌ
1
2 ൫𝛿௜௣𝛿௝௤ ൅ 𝛿௝௣𝛿௜௤൯ ൌ 𝐼௜௝௣௤. (19)
Using Eq. (19), the 𝜞 for anisotropic matrix can be shown as  
𝛤௜௝௥௦ ൌ 𝛾𝑅 ൫𝐼௜௝௣௤ െ 𝑆௜௝௣௤൯𝐿௣௤௥௦. (20) 
Therefore, it is proven that the modified Eshelby tensor 𝑆ெ can be written as follows: 
𝑺ெ ൌ ቂ𝑰 ൅ 𝛾𝑅 ሺ𝑰 െ 𝑺ሻ: 𝑳ቃ
ିଵ
: ቂ𝑺 ൅ 𝛾𝑅 ሺ𝑰 െ 𝑺ሻ: 𝑳ቃ. 
(21)
 
3. Numerical Validation 
3.1 Finite element analysis 
To verify the expression for the modified Eshelby tensor, we first computed the 
Eshelby tensor for the perfect interface by FEA. Because the Eshelby tensor is defined for the 
infinite matrix, we conducted a series of FEA to check the convergence of the numerically 
computed Eshelby tensor by changing the size 𝐿 of the matrix under a fixed inclusion size 
𝐷ሺൌ 2𝑚𝑚ሻ (See Figure. 3). Due to the jump discontinuity of some of the stress and strain 
components across the interface, we use sufficiently fine mesh (maximum size: 0.2mm) at the 
interface which yields the strain distribution 𝜀ଵଵ/𝜀ଵଵ∗  almost identical to that predicted from a 
much finer mesh model (See Appendix 2). The computation was performed using the 
COMSOL software53, and about 400,000 quadratic tetrahedron elements were used for 
𝐿/𝐷 ൌ  2.5, 5.0, 7.5 , and 10.0 . The unit eigenstrain was assigned to the inclusion, and a 
fixed boundary condition was applied to the outer surface of the matrix (see Figure. 3(a)). In 
order to implement the perfect bonding assumption at the interface, the ‘tie’ condition was used, 
and the Eshelby tensor was obtained from the constrained strain. In this study, we considered 
the NaAlSi3O854 crystal which has 21 independent elastic constants shown in Table.1. We 
plotted 6 diagonal components in the Eshelby tensor (𝑆ூ௃ூ௃, here 𝐼 and 𝐽 are not dummy index) 
for various 𝐿/𝐷 (see Figure. 3(b)). If the edge length of the matrix is 10 times longer than the 
diameter of the inclusionሺ𝐿 ൐ 10𝐷ሻ, that results from the FEA agree well with the theoretical 
values predicted by Eq. (6). Because the FEA results are obtained under a fixed boundary 
condition at the outer surface, the theoretical value can be regarded as the upper bound for the 
FEA results. All 36 independent components are summarized in Table.2. 
 
3.2 Modified Eshelby tensor 
In order to calculate the modified Eshelby tensor in Eq. (21), the inverse and double 
contractions of the 4th order tensor should be conducted. Previous studies have performed 
inverse or double contractions of the 4th order tensors which have six or less independent 
coefficients based on Walpole's notation12, 18, 55. However, Walpole’s notation is not applicable 
for an anisotropic material with 21 elastic constants and 36 independent Eshelby tensor 
components. Hence, in the present study, we adopted the Mandel notation56 to facilitate the 
inverse and double inner product operations of the 4th order tensors. In the Mandel notation, 
the stress vector ?⃗?, strain vector 𝜀, stiffness matrix 〈𝑳〉, and Eshelby matrix 〈𝑺〉 are defined 
as follows: 
?⃗? ൌ
⎣
⎢⎢
⎢⎢
⎢
⎡ 𝜎ଵଵ𝜎ଶଶ𝜎ଷଷ
√2𝜎ଶଷ
√2𝜎ଷଵ
√2𝜎ଵଶ⎦
⎥⎥
⎥⎥
⎥
⎤
, 𝜀 ൌ
⎣
⎢⎢
⎢⎢
⎢
⎡ 𝜀ଵଵ𝜀ଶଶ𝜀ଷଷ
√2𝜀ଶଷ
√2𝜀ଷଵ
√2𝜀ଵଶ⎦
⎥⎥
⎥⎥
⎥
⎤
, 
  〈𝑳〉 ൌ
⎣
⎢⎢
⎢⎢
⎢⎢
⎡   𝐿ଵଵଵଵ   𝐿ଵଵଶଶ   𝐿ଵଵଷଷ  𝐿ଵଵଶଶ   𝐿ଶଶଶଶ   𝐿ଶଶଷଷ  𝐿ଵଵଷଷ   𝐿ଶଶଷଷ   𝐿ଷଷଷଷ
√2𝐿ଵଵଶଷ √2𝐿ଵଵଷଵ √2𝐿ଵଵଵଶ
√2𝐿ଶଶଶଷ √2𝐿ଶଶଷଵ √2𝐿ଶଶଵଶ
√2𝐿ଷଷଶଷ √2𝐿ଷଷଷଵ √2𝐿ଷଷଵଶ
√2𝐿ଵଵଶଷ √2𝐿ଶଶଶଷ √2𝐿ଷଷଶଷ
√2𝐿ଵଵଷଵ √2𝐿ଶଶଷଵ √2𝐿ଷଷଷଵ
√2𝐿ଵଵଵଶ √2𝐿ଶଶଵଶ √2𝐿ଷଷଵଶ
2𝐿ଶଷଶଷ 2𝐿ଶଷଷଵ 2𝐿ଶଷଵଶ2𝐿ଶଷଷଵ 2𝐿ଷଵଷଵ 2𝐿ଷଵଵଶ2𝐿ଶଷଵଶ 2𝐿ଷଵଵଶ 2𝐿ଵଶଵଶ ⎦
⎥⎥
⎥⎥
⎥⎥
⎤
 (22)
〈𝑺〉 ൌ
⎣
⎢⎢
⎢⎢
⎢⎢
⎡   𝑆ଵଵଵଵ   𝑆ଵଵଶଶ 𝑆ଵଵଷଷ  𝑆ଶଶଵଵ   𝑆ଶଶଶଶ 𝑆ଶଶଷଷ  𝑆ଷଷଵଵ   𝑆ଷଷଶଶ   𝑆ଷଷଷଷ
√2𝑆ଵଵଶଷ √2𝑆ଵଵଷଵ √2𝑆ଵଵଵଶ
√2𝑆ଶଶଶଷ √2𝑆ଶଶଷଵ √2𝑆ଶଶଵଶ
√2𝑆ଷଷଶଷ √2𝑆ଷଷଷଵ √2𝑆ଷଷଵଶ
√2𝑆ଶଷଵଵ √2𝑆ଶଷଶଶ √2𝑆ଶଷଷଷ
√2𝑆ଷଵଵଵ √2𝑆ଷଵଶଶ √2𝑆ଷଵଷଷ
√2𝑆ଵଶଵଵ √2𝑆ଵଶଶଶ √2𝑆ଵଶଷଷ
2𝑆ଶଷଶଷ 2𝑆ଶଷଷଵ 2𝑆ଶଷଵଶ2𝑆ଷଵଶଷ 2𝑆ଷଵଷଵ 2𝑆ଷଵଵଶ2𝑆ଵଶଶଷ 2𝑆ଵଶଷଵ 2𝑆ଵଶଵଶ ⎦
⎥⎥
⎥⎥
⎥⎥
⎤
 
The prefactors √2 and 2 ensure that the matrix-matrix product and the inverse coincide with 
the double contraction and the inverse of the 4th order tensors, respectively. Hence, if 𝑨, 𝑩 are 
the 4th order tensor with minor symmetry ( 𝐴௜௝௞௟ ൌ 𝐴௝௜௞௟ ൌ 𝐴௜௝௟௞ ), and 〈𝑨〉, 〈𝑩〉  are the 
corresponding 6 ൈ 6  matrix following the Mandel notation, we can calculate the double 
contraction and inverse from the 6 ൈ 6 matrix multiplication and inverse, respectively, as 
〈𝑨 ∶ 𝑩〉 ൌ 〈𝑨〉〈𝑩〉, 〈𝑨ିଵ〉 ൌ 〈𝑨〉ିଵ. (23)
Thus, we can predict the modified Eshelby tensor using the 6 ൈ 6 matrix multiplication and 
inverse such that 
〈𝑺ெ〉 ൌ ቂ〈𝑰〉 ൅ 𝛾𝑅 ሺ〈𝑰〉 െ 〈𝑺〉ሻ〈𝑳〉ቃ
ିଵ
ቂ〈𝑺〉 ൅ 𝛾𝑅 ሺ〈𝑰〉 െ 〈𝑺〉ሻ〈𝑳〉ቃ. (24)
We note that, when the frequently used Voigt notation for the matrix representation57-60 is used, 
we cannot perform the tensor operations as in Eq. (23) and Eq. (24) because the transformed 
6 ൈ 6 matrices of the stiffness and Eshelby tensor have different prefactors depending on 
whether it relates stress to the strain (𝝈 ൌ 𝑳 ∶ 𝜺) or strain to strain (𝜺௖ ൌ 𝑺 ∶ 𝜺∗)(See Eqn. (25)). 
?⃗?୴୭୧୥୲ ൌ
⎣
⎢⎢
⎢⎢
⎡𝜎ଵଵ𝜎ଶଶ𝜎ଷଷ𝜎ଶଷ𝜎ଷଵ𝜎ଵଶ⎦
⎥⎥
⎥⎥
⎤
, 𝜀୴୭୧୥୲ ൌ
⎣
⎢⎢
⎢⎢
⎡ 𝜀ଵଵ𝜀ଶଶ𝜀ଷଷ2𝜀ଶଷ2𝜀ଷଵ2𝜀ଵଶ⎦
⎥⎥
⎥⎥
⎤
,
〈𝑳〉୴୭୧୥୲ ൌ
⎣
⎢
⎢
⎢
⎢
⎡𝐿ଵଵଵଵ 𝐿ଵଵଶଶ 𝐿ଵଵଷଷ𝐿ଵଵଶଶ 𝐿ଶଶଶଶ 𝐿ଶଶଷଷ𝐿ଵଵଷଷ 𝐿ଶଶଷଷ 𝐿ଷଷଷଷ
𝐿ଵଵଶଷ 𝐿ଵଵଷଵ 𝐿ଵଵଵଶ𝐿ଶଶଶଷ 𝐿ଶଶଷଵ 𝐿ଶଶଵଶ𝐿ଷଷଶଷ 𝐿ଷଷଷଵ 𝐿ଷଷଵଶ𝐿ଵଵଶଷ 𝐿ଶଶଶଷ 𝐿ଷଷଶଷ𝐿ଵଵଷଵ 𝐿ଶଶଷଵ 𝐿ଷଷଷଵ𝐿ଵଵଵଶ 𝐿ଶଶଵଶ 𝐿ଷଷଵଶ
𝐿ଶଷଶଷ 𝐿ଶଷଷଵ 𝐿ଶଷଵଶ𝐿ଶଷଷଵ 𝐿ଷଵଷଵ 𝐿ଷଵଵଶ𝐿ଶଷଵଶ 𝐿ଷଵଵଶ 𝐿ଵଶଵଶ⎦
⎥
⎥
⎥
⎥
⎤
 (25)
〈𝑺〉୴୭୧୥୲ ൌ
⎣
⎢
⎢
⎢
⎢
⎡  𝑆ଵଵଵଵ  𝑆ଵଵଶଶ 𝑆ଵଵଷଷ  𝑆ଶଶଵଵ  𝑆ଶଶଶଶ 𝑆ଶଶଷଷ  𝑆ଷଷଵଵ  𝑆ଷଷଶଶ  𝑆ଷଷଷଷ
𝑆ଵଵଶଷ 𝑆ଵଵଷଵ 𝑆ଵଵଵଶ𝑆ଶଶଶଷ 𝑆ଶଶଷଵ 𝑆ଶଶଵଶ𝑆ଷଷଶଷ 𝑆ଷଷଷଵ 𝑆ଷଷଵଶ
2𝑆ଶଷଵଵ 2𝑆ଶଷଶଶ 2𝑆ଶଷଷଷ2𝑆ଷଵଵଵ 2𝑆ଷଵଶଶ 2𝑆ଷଵଷଷ2𝑆ଵଶଵଵ 2𝑆ଵଶଶଶ 2𝑆ଵଶଷଷ
2𝑆ଶଷଶଷ 2𝑆ଶଷଷଵ 2𝑆ଶଷଵଶ2𝑆ଷଵଶଷ 2𝑆ଷଵଷଵ 2𝑆ଷଵଵଶ2𝑆ଵଶଶଷ 2𝑆ଵଶଷଵ 2𝑆ଵଶଵଶ⎦
⎥
⎥
⎥
⎥
⎤
 
We compared the theoretical predictions of the modified Eshelby tensor with the FEA 
results shown in Fig. 4. In the FEA, the interface spring condition at the interface was 
implemented, and the calculation was performed under the same mesh condition as in Section 
3.1, and a 𝐿/𝐷 ratio of 10 was used. All 36 independent components of the modified Eshelby 
tensor are well matched with the FEA for the entire range of the interfacial damage. In the limit 
of the infinite interface spring compliance, all the diagonal components converge to 1, and the 
off-diagonal components converge to zero because the constrained strain converges to the 
eigenstrain for infinite compliance (zero stiffness). We can also explain the finding based on 
the Eq. (21). When the interfacial damage 𝛾 goes to zero, it reproduces the Eshelby tensor for 
the perfect interface 𝑆, and as 𝛾 goes to infinite, the modified Eshelby tensor converges to 
the identity tensor. We computed an invariant of the modified Eshelby tensor, 𝑆௜௝௜௝ , both 
analytically and computationally. The invariant 𝑆௜௝௜௝  is known as 3 for the perfect bonding61 
and is expected to be 6 in the limit of the infinite spring compliance because the modified 
Eshelby tensor converges to the identity tensor (See Eq. (21)). Fig. 5 shows the invariant 
bounds between the two limiting values of 3 and 6 for three different materials (NaAlSi3O8, 
ammonium tetroxalate dehydrate (ATO), and parallelepiped Si) having triclinic symmetry54, 62, 
63 (See Fig. 5). The elastic constants of the ATO and parallelepipied Si are listed in Table. 2. 
 
4. Conclusion 
We derive a simple tensor algebraic expression for the modified Eshelby tensor for 
materials with an arbitrary elastic anisotropy when the interfacial damage is described by the 
interfacial spring model. Once the Eshelby tensor for the perfect interfacial is obtained 
analytically or numerically, the modified Eshelby tensor can be obtained analytically by a few 
matrix operations. We validated our theoretical prediction against FEA results for the entire 
range of interfacial damage and show that the invariant in the modified Eshelby tensor is 
bounded between 3 and 6. Our finding can be applied to a wide range of composite problems 
involving interfacial damage and matrices with an elastic anisotropy.  
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Appendix 1 Ellipsoidal inclusion case 
In this section, we prove that the ellipsoidal inclusion has a non-uniform strain field 
when interfacial damage exists. We simulate the eigenstrain problem when the inclusion shape 
is ellipsoidal. The semi-axes of the inclusion is 2mm, 1mm, 1mm in the 𝑥, 𝑦, 𝑧 directions, 
respectively, and the length of the matrix domain is ten times larger than each axis length of 
the inclusion ( 20mm ൈ 10mm ൈ 10mm ). The material properties used in the FEA and 
numerical calculation are 𝐸 ൌ 200GPa and 𝜈 ൌ 0.25. As proved by Eshelby, the constrained 
strain field is uniform for the perfect bonding case, but unlike the spherical inclusion case the 
strain field within the inclusion is non-uniform when interfacial damage exists, even for small 
interfacial damage (See Figure. 6).  
To explain the non-uniform strain field, we calculate 𝑀ଵଵଵଵଵଵ with respect to the 𝑥 
axis of the ellipsoidal for different aspect ratios.  
𝑀௜௝௠௡௤௟ ≡ 12 න ቊ
𝜕ଶ𝐺௜௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑥௝𝜕𝑦௡ ൅
𝜕ଶ𝐺௝௠ሺ𝒙 െ 𝒚ሻ
𝜕𝑥௜𝜕𝑦௡ ቋ 𝑛௤ሺ𝒚ሻ𝑛௟ሺ𝒚ሻ𝑑𝒚பஐ . (A1)
As shown in Fig. 6(a), the 𝑀ଵଵଵଵଵଵ is constant for the spherical inclusion case (aspect ratio=1). 
However, the 𝑀ଵଵଵଵଵଵ depends on position 𝒙 when the aspect ratio is less or larger than 1. 
Thus, we can explain that the Eq. (10) is not valid for the ellipsoidal case because the strain 
field (𝜺𝒄) within the inclusion is not uniform.  
  
Appendix 2. Meshing in the Finite Element Analyses 
We construct 409,591 elements on matrix and 8,718 elements on inclusion for all FEA 
calculations presented in this study, as depicted in Figure 7. The maximum size of elements in 
inclusion is set as 0.2 mm. To demonstrate the mesh convergence with a specific example, we 
consider the strain distribution 𝜀௫௫/𝜀௫௫∗  along the radial direction for the NaAlSi3O8 matrix 
having a spherical inclusion with interfacial spring compliance 𝛾 ൌ 10ିଶmm/GPa , when 
𝜀௫௫∗ ൐ 0 and other eigenstrain components are zero. As shown in Figure 7, the strain within 
and outside of the inclusion predicted from our model matches well with the strain predicted 
from a much finer mesh model.  
  
Figures and captions 
 
Figure 1. Schematic of the single inclusion problem. 
 
 
  
 Figure 2. Schematic of the interface spring model for undeformed and deformed state.  
 
  
 Figure 3. (a) Geometry used for the FEA. (b) Eshelby tensor components (𝑆ூ௃ூ௃) for 𝐿/𝐷 in 
the absence of interfacial damage. 
  
 Figure 4. All 36 independent modified Eshelby tensor components with respect to interfacial 
spring compliance for the triclinic crystal NaAlSi3O8 with 21 independent elastic constants. 
  
 Figure 5. An invariant (𝑆௜௝௜௝) of the modified Eshelby tensor for different triclinic crystals. 
  
 Figure 6. (a) Numerical prediction of 𝑀ଵଵଵଵଵଵ for different ellipsoidal inclusions with respect 
to x. (b) Constrained strain field within the inclusion for the perfect bonding and imperfect 
bonding case. (c) 3D plot of the constrained strain field for two different interfacial damages. 
  
 Figure 7. (a) Our mesh model of the matrix and inclusion, and a reference model with a much 
finer mesh for the mesh convergence test. Inclusion is arbitrarily magnified for visualization 
purpose. (b) Predicted 𝜀௫௫/𝜀௫௫∗  as a function of radial distance 𝑥 (𝑥 ൌ 0 is the center of the 
inclusion.) for the NaAlSi3O8 matrix having a spherical inclusion with interfacial spring 
compliance 𝛾 ൌ 10ିଶmm/GPa, when 𝜀௫௫∗ ൐ 0 and other eigenstrain components are zero.  
 
 
  
Table.1 Elastic stiffness (𝐿௜௝௞௟ in GPa) of NaAlSi3O8, ammonium tetroxalate dehydrate (ATO) 
and parallelepiped Si. 
NaAlSi3O8 
(k,l) 
(i,j) (1,1) (2,2) (3,3) (2,3) (3,1) (1,2) 
(1,1) 69.1 34 30.8 5.1 -2.4 -0.9 
(2,2)  183.5 5.5 -3.9 -7.7 -5.8 
(3,3)   179.5 -8.7 7.1 -9.8 
(2,3)    24.9 -2.4 -7.2 
(3,1)     26.8 0.5 
(1,2)      33.5 
ATO 
(k,l) 
(i,j) (1,1) (2,2) (3,3) (2,3) (3,1) (1,2) 
(1,1) 21.87 11.99 10.39 1.63 5.99 -1.03 
(2,2)  45.89 16.29 11.56 2.02 -3.77 
(3,3)   36.38 3.77 2.03 -0.76 
(2,3)    10.43 0.14 0.15 
(3,1)     5.40 0.12 
(1,2)      4.44 
Parallelepiped Si 
(k,l) 
(i,j) (1,1) (2,2) (3,3) (2,3) (3,1) (1,2) 
(1,1) 197.41 56.86 39.81 -6.52 -6.75 4.11 
(2,2)  183.65 54.21 9.65 8.04 -8.46 
(3,3)   199.63 -7.75 -1.45 5.48 
(2,3)    70.23 4.46 8.18 
(3,1)     55.58 -5.46 
(1,2)      73.07 
  
Table.2 All independent Eshelby tensor components (𝑆௜௝௞௟) for the perfect bonding problem. 
Theory 
(k,l) 
(i,j) (1,1) (2,2) (3,3) (2,3) (3,1) (1,2) 
(1,1) 0.467491 0.023939 0.022871 0.073494 -0.012146 0.020443 
(2,2) 0.030553 0.606584 -0.045073 -0.020579 -0.023196 -0.017802 
(3,3) 0.028397 -0.042124 0.623481 -0.039842 0.035215 -0.042064 
(2,3) 0.033206 -0.000214 -0.011539 0.378851 -0.007503 -0.053832 
(3,1) -0.000987 -0.008043 0.026333 -0.010817 0.438151 -0.002995 
(1,2) 0.006075 -0.011390 -0.033238 -0.061113 0.000388 0.485440 
Finite element analysis 
(k,l) 
(i,j) (1,1) (2,2) (3,3) (2,3) (3,1) (1,2) 
(1,1) 0.466633 0.024617 0.023620 0.073362 -0.012204 0.020423 
(2,2) 0.030669 0.604826 -0.044916 -0.020558 -0.023220 -0.017727 
(3,3) 0.028508 -0.041929 0.621449 -0.039746 0.035085 -0.042056 
(2,3) 0.033103 -0.000257 -0.011560 0.377259 -0.007438 -0.053814 
(3,1) -0.001046 -0.008166 0.026211 -0.010782 0.436733 -0.002922 
(1,2) 0.006095 -0.011313 -0.033303 -0.061150 0.000432 0.484091 
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